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Abstract 

The purpose of this review is to give the most popular description of the scheme of quantization of relativistic 
fields that was named relativistic canonical quantization (RCQ). I do not give here the full exact account of this 
scheme. But with the help of this review any physicist, even not a specialist in the relativistic quantum theory, 
will be able to get a general view of the content of RCQ, of its connection with other known approaches, of its 
novelty and of its fruitfulness. 


Invariant Hamiltonian formalism 

It is generally known that for construction of quantized fields it appears to be useful to calculate Poisson brackets 
of field values. And a Poisson bracket is the notion of Hamiltonian formalism. 

If we have a problem to create a completely relativistic-invariant scheme of quantization of fields, then we wish, 
first of all, to formulate Hamiltonian formalism in relativistic-invariant form. 

Science solved this problem for surprisingly long time. In fact, it was generally accepted that Hamiltonian formalism 
can not be formulated in explicitly relativistic-invariant form. 

Nevertheless, with development of methods of symplectic geometry, it became possible to formulate Hamiltonian 
formalism on the basis of such notions that turned out to have relativistic-invariant analogs. Here these notions 
are: phase space, symplectic structure on phase space, canonical action of the one-parameter group of time shifts 
in phase space. 

For relativistic fields the analogs of these notions are, correspondingly: invariant phase space, symplectic structure 
on invariant phase space, canonical action of the Poincare group on invariant phase space. 

Invariant phase space. A point of usual phase space describes the dynamical state of system in the fixed 
moment of time. If for each initial state of the system the equations of motion are solvable, and uniquely, then 
we can speak about one-to-one correspondence between the phase space of the system (for the fixed moment of 
time) and the set of solutions of the equations of motion. This set of solutions of the equations of motion is called 
invariant phase space. 

Invariant phase space possesses natural structure of manifold. If dynamical system is a relativistic field, then as 
possible coordinate functions on invariant phase space we can use values of magnitude of the field in fixed points 
of space-time. 

So, from the viewpoint of structure of invariant phase space, possible values of field in a fixed point of space-time 
are just one of the huge set of functions on invariant phase space. 


Symplectic structure. It can seem that the absence of any special coordinate functions on invariant phase 
space, that could be used to identify points of this space, makes this space an empty abstraction. 

But this is not so. Because it is possible to show that invariant phase space, like usual one, possesses symplectic 
structure. 

When we state one-to-one correspondence of points of the invariant phase space and points of a usual phase space, 
taken in a fixed moment of time, it turns out that their symplectic structure correspond to each other. From this 
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it is clear that existence of the symplectic structure on invariant phase space is a fact which is a generalization of 
Liouville and Poincare theorems. 

As regards Poisson brackets, they are defined through symplectic structure. Their mathematical definition, in fact, 
does not change. But so far as this dehnition is applied to objects of other nature, it turns out that such Poisson 
brackets are a deep generalization of the usual. For example, they can be calculated between values of field in 
different moments of time. 

Action of Poincare group. If the initial Lagrangian of a held is relativistic-invariant, then the equations of 
motion are also relativistic-invariant. So, under any transformation from the Poincare group a solution of the 
equations of motion is transformed into solution. 

In other words, the Poincare group acts on invariant phase space. 

So far as the symplectic structure on invariant phase space is dehned through Lagrangian, it turns out to be invariant 
under the action of the Poincare group. So, the Poincare group acts on the invariant phase space canonically. 

Field representations. For the problem of quantization we can restrict ourself with linear helds. These helds 
are characterized by the property that addition of two solutions of equations of motions is solution. From the point 
of view of invariant phase space, we can say that in this case it possesses natural linear structure. 

The Poincare group preserves this linear structure. So, the Poincare group acts on invariant phase space as a group 
of symplectic transformations. 

So far as for the purpose of quantization it is necessary to analyse this action of the Poincare group by methods of 
group theory, it is useful to use the following terminology. We say that linear relativistic helds dehne symplectic 
representations of the Poincare group. These representations (and also their conjugate and complexihed) are also 
called field representations. 

We will not become more profound here in the theory of held representations. Let us just notice that this theory 
is quite analogous to the Wigner-Mackey theory of unitary representations of Poincare group, but it plays more 
fundamental role for the theory of quantized helds. 

Construction of quantized field 

So, now we already have all necessary structures that are used for constructing of quantized held. Here they are: 
invariant phase space of linear classical held, symplectic structure on this space, properly classihed invariant (with 
respect to the Poincare group) subspaces of held representation, and the proper set of classical held values that are 
“quantized”. 

In this review I omit a description of exact construction of quantized held. From the point of view of an algebraist 
all methods used for it are well known. Similar methods are used for construction of universal enveloping algebras 
for Lie algebras, for construction of Grassmanian algebras etc. 

Let us give now a list of some most important properties of the quantization under consideration. 

• Quantization is performed constructively. Properties of quantized held (for example, commutation relations) 
are not postulated, but follow from the construction. 

• The construction is explicitly relativistic-invariant. 

• The method makes possible to see, how quantum system acquires integrals of motion connected with symmetry 
group, like initial classical system. So, it becomes possible to formulate the mathematically rigorous analog 
of Noether theorem. 

• The quantization scheme naturally covers the possibility of quantization in a space with indehnite scalar 
product. 

Application to electromagnetic field 

The problem of quantization of electromagnetic held was one of the main stimuli for creation of RCQ. 
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It is known for a long time, that for the problems of quantum theory it is necessary to describe electromagnetic 
field by means of vector potential. It is also known that an attempt of quantization of such a vector field leads to 
the necessity of consideration of indefinite scalar product in quantum space of states. 

An indefinite scalar product, in contrast to positive-definite case, does not define topology. 

This problem was just ignored up to now (in educational literature). By analogy with some other fields, it was 
believed that the space of states of quantized electromagnetic field must be Hilbert space, at least from topological 
point of view. 

The RCQ method has shown that this is not so. 


Other applications 

The RCQ method, of course, can be applied to other fields (for example, to scalar, to electron-positron etc.) 

It is known that, for example, the scalar field has only one quantization in Hilbert space. Such a quantization is 
already constructed, of course. And the RCQ method (if we restrict ourself with positive-definite scalar product) 
can not lead to other quantization. 

Of course, the RCQ method leads in this case to equivalent quantization. But the undoubted merit of the method is 
that the construction is performed in the frame of the general scheme, without any “guesses”, “classical analogies” 
etc. 

It happens so because the RCQ method is a rigorous mathematical construction. 
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AHHOTai^Ha 

Bejib flaHHoro o63opa — flaxt MaKCHMajitHO floCTynnoe onHcanne cxeMbi KBaHTOsaHHa pejiHTHBHCTCKHx 
nojiefi, KOTopaa nojiyanjia nasBaHHe peAMnueucmcKoe KanoHUHecKoe KeanmoeaHue (PKK). 3flecb ne flaeTca 
nojiHoro ToaHoro H3JiOJKeHHa flaHHoft cxeMbi. Ho c noMombio flaHHoro o63opa jiio 6 oh (J)h3hk, flaace ne aBjiaiomnitca 
cnepnajiHCTOM no pejiaTHBHCTCKoii KBaHTOBoii Teopan, CMoaceT nojiyanTB o6n];ee npeflCTaBJieHne o coflepacannH 
PKK, o ero CBasn c flpyrnMH cyipecTByiomHMH noflxoflaMH, o ero HOBHSHe h o ero njioflOTBopHOCTH. 


MHBapHaHTHblH raMHJIbTOHOB cJ)OpMajlH3M 

06iri;eH3BecTHO, hto nocTpoennH KBaHTOBanHbix nojieii OKasbiBaeTca nojiesHbiM BbinncjiaTb cko6kh IlyaccoHa 
OT nojieBbix BejiHHHH. A CKoOxa IlyaccoHa aBJiaeTca nonaTaeM raMHJibTonoBa (JjopMajiHSMa. 

Ecjih nepe^ naMH ctoht aa^aaa cos^aTb nojiHOCTbio pejiaTHBHCTCKH-HHBapaaHTHyio cxeny KBaHTOBanaa nojieii, to 
xoxejiocb 6bi npejKfle Bcero ccjDopMyjiapoBaxb raMHjibTOHOB (J)opMajiH3M b pejiaTHBHCTCKH-HHBapHaHXHoii 4)opMe. 

9Ty sa^aay nayKa pemajia yflHBHTejibHO ^ojiro. $aKTHaecKH, caHTajiocb oOmenpanaTbiM, hto raMHJibTOHOB (J)opMajiH3M 
nejibsa ccJjopMyjiapoBaTb b aBHO pejiaTHBHCTCKH-HHBapnaHTHOH (J)opMe. 

O^ilHaKO, c pasBHTHeM moto^iiob CHMnjieKTHaecKoii reoMeTpan, raMHjibTOHOB 4)opMajiH3M y^iiajiocb c(i)opMyjiHpoBaTb 
Ha ocHOBe TaKHx 6a30Bbix noHaTHii, y KOTopbix oOnapyjKHJiHCb pejiaTHBHCTCKH-HHBapnaHTHbie aHajiorn. Bot 
3TH noHHTHa: (J)a30Boe npocTpancTBO, CHMnjieKTHaecKaa cxpyKTypa na (JjasoBOM npocTpancTBe, KaHOHHaecKoe 
,ii,eHCTBHe oflHonapaMeTpHaecKoii rpynnbi BpeMeHHbix c^BHroB na (|)a30B0M npocTpancTBe. 

y pejiaTHBHCTCKHx nojieii aHajioraMH sthx nonaTHH BbiCTynaiOT, cooTBeTCTBenno: HHBapnaHTHoe (|)a30Boe npocTpancTBO, 
CHMHjieKTHaecKaa CTpyKTypa na HHBapnaHTHOM (J)a30B0M npocTpancTBe, KanoHnaecKoe fleiicTBHe rpynnbi XlyanKape 
Ha HHBapnaHTHOM (JiasoBOM npocTpancTBe. 


HHBapHaHTHoe cJiasoBoe npocTpancTBO. XoaKa oObianoro (JiaaoBoro npocTpancTBa xapaKTepnayeT ,ii,HHaMHnecKoe 
cocTOHHHe CHCTeMbi B flaHHbiii MOMenT BpeMeHH. Ecjih jiJisi KajK^iioro nanajibnoro coctohhhh CHCTCMbi ypaBnenna 
flBHJKeHHH pa3pemHMbi, npHacM eflHHCTBennbiM o6pa30M, to mojkho roBopnxb o B3aHMH0-0,i];H03HaaH0M cooTBexcxBHH 
MejK^y (J)a30BbiM npocxpancTBOM CHCxeMbi (fljia 3a,ii,aHHoro MOMeHxa npeMenn) n MnoacecTBOM pemenHii ypaBneHHii 
,ii,BH}KeHHH. Box 3TO MHOJKecTBO peiHeHHH ypaBHeHHH ^BHacenna h nasbiBaeTca UHeapuaumHUM ^aaoeuM npocmpancmeoM. 

UnBapnanTHoe (i)a30Boe npocxpancTBO o6jiaflaeT ecxecTBCHHOH cxpyKTypon MHorocOpaana. Ecjih b KaaecTBC ^HHaMnnecKon 
CHCTCMbi BbicxynacT pejiaTHBHCxcKoe nojie, to b KaaecxBe bosmojkhbix KOop^iiHHaTHbix (JiynKpHii na HHBapHaHXHOM 
(JiaaoBOM npocxpaHCTBC Moryx Bbicxynaxb anaacHHa BCJiHHHHbi nojia b (JiHKCHpoBaHHbix xoHKax npocxpancTBa- 
BpCMCHH. 

TaKHM o6pa30M, c tohkh apenna cxpyKxypbi HHBapHaHXHoro (JiaaoBoro npocxpancTBa, BoaMoacHbie anaacHHa 
HOJia B (|)HKCHpOBaHHOH XOHKC HpOCXpaHCTBa-BpCMCHH — JIHHIb 0,I];Ha H3 OrpOMHOrO MHOJKCCXBa (IlyHKIlHH Ha 
HHBapHaHXHOM (|)a30B0M HpOCXpaHCTBC. 


CHMnjieKTHaecKaa CTpyKxypa. OxcyxcTBHe na HHaapnaHTOM (JiaaoBOM npocxpancTBe KaKHx-jiH6o Bbi^cjiCHHbix 
KOOpflHHaXHblX (JlyHKpHH, C KOTOpbIMH CJICflOBajIO 6bl CBH3bIBaTb TOHKH 3TOrO HpOCXpaHCTBa, KaaajIOCb 6bl, npCBpamaCT 
ero B 6ecco,i];epjKaTejibHyio a6cTpaKLi;Hio. 
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9to, o;i,HaKO, He tek. H6o mojkho noKasaTb, hto HHEapnaHTHoe (jsasoBoe npocTpancTBO, kek h o6biHHoe, o6jia^aeT 
CHMHJieKTHHecKoii CTpyKTypoii. 

IlpH conocTaBjieHHH ToneK HHBapHaHTHoro (jsasoBoro npocTpancTBa c tohremh o6biHHoro (jsasoBoro npocTpancTBa, 
BSHToro B (jjHKCHpoBaHHbiii MOMeHT BpeMeHH, OKasbiBaeTCfl, HTO Hx CHMHjieKTHHecKHe CTpyKTypbi nepexoflflT ^pyr b 
flpyra. OTCio;i,a hcho, hto cyniecTBOBaHne CHMnjieKTHHecKoii CTpyKTypbi he hhbephehthom (^jesobom npocTpancTBe — 
(jjEKT, HBJiflioniHHCfl o6o6w,eHueM TeopeM JlHyBHJiJia h IlyaHKape. 

Hto KEcaeTCfl cko6ok IlyaccoHa — to ohh onpe^ejiHiOTCfl nepes CHMnjieKXHHecKyio CTpyKxypy. MaxeMaTHHecKoe 
onpe^ejieHHe hx, ho cyTH, ne MenaeTCfl. Ho nocKOJibKy sto onpe^ejiGHne npHMeHHeTCH k o6x>eKTaM hhoh npnpo^ilbi, 
OKESblBEeTCfl, HTO TEKHe CK 06 kH HyECCOHE HBJIfllOTCfl rjiy 60 KHM o6o6HI,eHHeM o6bIHHbIX. HanpHMep, HX MOJKHO 
BblHHCJIHTb MejK^y SHEHeHHHMH HOJIfl B pUSHUe MOMeHTbl BpeMeHH. 


^H^eftcTBHe rpynnbi IlyaHKape. Ecjih HCxo.i];Hbiii jiarpaHJKHEH hojih pejiflTHBHCTCKH-HHBapnaHTeH, to h ypaBHeHHH 
flBHJKeHHfl pejiHTHBHCTCKH-HHBapHaHTHbi. To ecTb HpH J11060M npeo6pa30BaHHH H3 rpynnbi HyaHKape pemenne 
ypaBHennii .ii,BH}KeHH5i nepexo.ii,HT b penieHHe. 

Hnane roBopa, rpynna HyaHKape .iieiicTByeT na HHBapnaHTHOM 4)a30B0M npocxpaHCTBe. 

HocKOJibKy CHMnjieKTHnecKafl cxpyKxypa na HHBapnaHTHOM (JiasoBOM npocxpancTBe onpeflejiflexcH nepes jiarpanacHaH, 
OHE OKESbiBEexcH HHBapHEHTHOH OTHOCHxejibHO .ii,eHCTBHfl rpyHHbi HyaHKEpe. To ecTb rpynnE HyaHKape ^encTByex 
HE HHBapnaHTHOM (JiaSOBOM npocxpaHCTBe KEHOHHneCKH. 


IIojieBbie npeflCTaBJieHHH. pejieii KBaHxoBaHHH mojkho orpaHHHHXbcn jiHHeiiHbiMH nojiuMH. 9 th nojia 

xapaKTepH3yiOTC5i tom, hto npn cjiojkchhh .iiByx pemenHii ypaBHennii .ziBHacenHn nojiynaeTCH pemeHHe. C tohkh 
speHHH HHBEpHEHTHoro (JiasoBoro npocxpEHCTBE, MOJKHO CKESETb, HTO B 3TOM cjiyHEe OHO o6jia.ii,aeT ecxecTBeHHOH 
jiHHeiiHOH CTpyKTypoii. 

Fpynna HyaHKape sxy jiHneiiHyio cxpyKxypy coxpaHHex. TaKHM o6pa30M, rpynna HyaHKape fleiicTByeT na HHBapHaHXHOM 
4)a30B0M npocxpaHCTBe khk rpynna cuMnjieKmuHecKux npeo6pa30BaHHii. 

HoCKOJIbKy H,ejieii KBEHTOBaHHH OKESblBEeXCH BEJKHblM HSyHHTb 3X0 ^eiiCTBHe rpyHHbi HyaHKape MeXO^EMH 

xeopHH rpynn, nojiesHoii OKasbiBaexcfl eipe TEKan xepMHHOJiorHu. Fobopht, hto jiHHeiiHbie pejiHXHBHCxcKHe nojin 
3a.i];aiOT cuMruieKmunecKue npedcmaejicHUJi rpynnbi HyaHKape. 9 th npeflCxaBjiCHHn (a xaKJKe hx conpujKeHHbie h 
KOM njieKCHiJiHiiHpoBaHHbie) Ha3biBaiOT nojieeuMU npedcmaejicHUJiMU. 

Mbi He 6y.ii,eM 3.ii,ecb yrjiy6jiflTbC5i b xeopHio nojieBbix npe.ii,CTaBJieHHii. SaMexHM jinnib, hto ohe bo mhotom anajiorHHHE 
xeopHH BnrHepa-MaKKH yHHxapHbix npe^cxEBJieHHii rpynnbi HyaHKape, ho npn stom ohe Hrpaex .ii,ji5i xeopHH 
KBEHTOBaHHbix HOJiCH 6ojiee (JiyHflaMeHTajibHyio pojib. 


KoHCTpyKIl,H5I KBaHTOBaHHOrO nOJlH 

Htek, xenepb mm yace hmccm Bce Heo6xo.i];HMbie CTpyKxypbi, h 3 Koxopbix KOHcmpyupyemcji KBaHxoBaHHoe nojie. 

Box 3TH cxpyKxypbi: HHBapHEHTHoe (JiasoBoe npocxpancTBO jiHHeiiHoro KJiaccHHecKoro hojih, CHMnjieKXHHecKaH 
cxpyKxypa he 3tom npocxpaHCTBe, no^xo^flmHM o6pa30M KJiaccH4)HH,HpoBaHHbie HHBapHEHTHbie (oxHOCHxejibHO 
rpynnbi HyaHKape) no.i];npocTpaHCTBa nojieBoro npe.i];cTaBjieHHfl, a xaKace noflxofl5iin;ee mhojkoctbo KjiaccHnecKHx 
HOJieBblX BejIHHHH, KOTOpblC „ KBaHXyiOTCfl". 

B ^EHHOM o630pe MbI OHyCTHM GHHCEHne CEMOH KOHCTpyKH,HH KBEHTOBaHHOrO HOJIfl. C TOHKH SpeHHfl METeMETHKE- 
ajire6paHCTa Bce HcnojibsyeMbie npn 3 tom moto^m xopomo nsBecxHbi. no^o6Hbie MeTO.ii,bi npHMeHfliOTCfl npn KOHCxpyHpoBEHHH 
yHHBepcajibHbix o6epTbiBaioin;Hx ajire6p fljifl ajire6p JIh, npn KOHCxpynpoBaHHn rpaccManoBbix ajire6p n x. n. 

HpnBefleM 3flecb nepenenb HCKOxopbix HaH6ojiee BaacHbix cbohctb o6cyjK.i];aeMoro MeTO.i];a KBaHxoBaHHfl. 

• KBEHTOBEHne npOH3BO.II,HTCfl KOHCmpyKmUeHO. CbOHCTBE KBEHTOBEHHOrO HOJIfl (nanpHMep, KOMMyTan,HOHHbie 
cooTHOmennfl) npn 3 tom He nocTyjinpyiOTCfl, a BbixeKEiOT h 3 CEMOii KOHCTpyKH,HH. 

• KoHCTpyKH,Hfl flBHO pejIflTHBHCTCKH-HHBapHEHTHa. 

• Mexo^ .II,aeT B03M0}KH0CTb yBH.II,eTb, KEKHM o6pa30M y KBEHTOBOii CHCXeMbl HOflBJIfllOTCfl Xe ace HHXerpajIbl 
^BHaceHHfl, CBflSEHHbie C HEJIHHHeM rpyHHbi CHMMexpHH, HTO H y HCXO^HOH KJIECCHHeCKOH CHCXeMbl. TeKHM 
o6pa30M, yflaexcfl ciJiopMyjiHpoBaTb MaxeMaxHHecKH cxpornii KBaHxoBbiii anaiior xeopeMM Hexep. 


— 7 (JieBpajifl 2008 r. 


A. Ap6aTCKHH ,, Hto xaKoe ,, pejiaxHBHCxcKoe KaHOHHMecKoe KBaHTOBaHHe“?“ — 


2 - 



• ^aHHaa cxena KBaHTOsaHHa BKJiioaaeT b ce6a coBepmenHO ecTecTBenno bosmojkhoctb KBaHTOBanaa b npocTpancTBe 
c HH;ie 4 )HHHTHbiM CKajiapHbiM npoHSBe^eHHeM. 


IlpHMeHeHHe k sjieKxpoMarHHTHOMy nojiio 

npo6jieMa KBaHTOBaHHa sjieKTpoMarHHTHoro nojia 6bijia o/i;hhm h 3 rjiaBHbix CTHMyjiOB fljia cos^aHaa PKK. 

^aBBO H3BeCTHO, BTO flJlSl pejIBH KBaBTOBOH TeOpBB SJieKTpOMarBBTHOe aOJie HyjKBO OnaCblBaTb C BOMOBIbK) 
BeKTopaoro aoTeBa,Bajia. HsBecTBO TaKace, bto npa nonbiTKe KBaaTOBaHaa Taaoro aeKTopaoro aojia BOsaaKaeT 
aeo6xo^BMOCTb paccMaTpaBaTb aa^ecjjBBBTaoe CKajiapaoe apoasae^jeaBe b KBaaTOBOM apocTpaacTBe cocToaaaa. 

HaflecjDBBBTaoe CKajiapaoe apoasBe^eaae, b OTjiaaae ot aojioJKaTejibao-oapeflejieaaoro cjiyaaa, ae sa^aeT Toaojioraa. 

9Ta apo6jieMa cax aop apocTO saMajiaaBajiacb (b yae6aoB jiaiepaType). Ho aaajioraa c aeKOTopbiMa ^pyrana 
aojiaMB CBBTajiocb, bto apocTpaacTBO cocToaHaii KBaHTOBaaaoro sjieKTpoMaraaTHoro aojia doAotcHO 6biTb rajib6epTOBbiM, 
ao KpaBaeii Mepe c ToaojioraaecKoa tobkb spenaa. 

MeTOfl PKK aoKasaji, bto sto ne maK. 


^pyrne npHMeHeHHH 

Mexofl PKK, pasyMeexca, apaMeeaM a k ^pyraM aojiaM (aaapaMep, k CKajiapnoMy, k 3JieKTpoaHO-ao3BTpoHaoMy 
a T. a.). 

HsBecTBO, BTO, CKajKeM, CKajiapaoe aojie aneex e^iancxaeaBoe KBaHxoBaaae b rBJib 6 epxoBOM apocxpaacxBe. XaKoe 
KBaHxoBaaae, KoaeBHO, yace ;i,aBHO aocxpoeno. H Mexo^ PKK (ecjia orpanaBaxaca aojioacaxejibao-oapeflejieaHbiM 
CKajiapabiM apoK 3 BefleBBeM) ne Mootcem apaBO^axa k ^pyroMy KBaaxoBaHaio. 

KoaeBao, Mexofl PKK apaaoflax b sxom cjiyaae k SKBaBajieaxHOMy KBaaxoBaaaio. Ho aecoMHeaBoe ^ocxobbcxbo 
M exo^a cocxoax b xom, bxo caMO aocxpoeaae apa sxom apoBCxo;i,ax b paMKax o 6 LLi,eK cxeMbi, 6e3 KaKax 6 bi xo aa 
6 biJio „flora^OK“, „ RjiaccaaecKax aHajiorBH“ a x. a. 

TaK apoacxoflBx aoxoMy, bxo Mexofl PKK aajiaexca cxporoii MameMamuuecKou KOHcmpyKv^ueu. 


CnncoK jiHTepaTypbi 

[1] ,11. A. Ap6axcKBH „0 KBaHxoBaaaa sjieKxpoMarHaxaoro aojia“ (2002), arXiv:math-ph/0402003 . 


„Hto 


7 (JieBpajia 2008 r. 


JJ,. A. Ap6aTCKHH 


TaKoe „ pejiaTHBHCTCKoe KaHOHHMecKoe 


laHTOBl 


3 



